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Quasi-TEM Analysis of V-Shaped
Conductor-Backed Coplanar Waveguide

Kwok-Keung M. Cheng and Ian D. Robertson

Abstract—In this paper, a new type of V-shaped conductor-backed
coplanar waveguide (VGCPW) is proposed. The characteristic impedance
of the new line is obtained analytically using conformal mapping method
under the assumption of pure-TEM propagation and zero dispersion.
Direct solutions for the quasistatic normal electric field components
and cumulative electric flux distribution across conductor surfaces are
also presented. The numerical results show how the total electric flux
terminating on the conductor surfaces varies in terms of the CPW’s
geometry and substrate parameters.

I. INTRODUCTION

A thin-dielectric microstrip was recently introduced by ATR in
Japan as a highly miniaturized microstrip medium for MMIC’s
[2]. In this technique, a ground-plane is deposited on top of the
semiconductor substrate and miniature microstrip lines are then
realized with very narrow tracks on top of a thin polyimide or silicon
oxynitride dielectric film. Typically, 50-C2 lines are less than 10 ym
wide, compared to 140 ym for conventional microstrips. However,
the losses in these very narrow conductors are very high because
of current crowding near the conductor edges. For these reasons,
ATR’s have more recently demonstrated a “valley microstrip,” in
which the conductor cross-section is made V-shaped in order to make
the current distribution more uniform and reduce the losses [3], [4]. In
this paper, a new type of coplanar waveguide structure is proposed.
This line may be considered as an evolution of the conventional
coplanar structure [1]. where the geometry of the transmission line
is essentially a conductor-backed CPW in which the lower ground
plane is bent within the dielectric in a V-shape to form the equal
sides of an isosceles triangle [see Fig. 1(a)]. The angle between
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Fig. 1. Conformal mapping of VGCPW.

the two ground sides is the parameter 23. The distance between the
strip conductor and the center of the valley ground plane is d. The
bending of the ground plane into a triangle shape is a major deviation
from the standard coplanar structure since the field configuration
is significantly modified. This new structure can reduce the current
concentration at both edges of the strip conductor, since the distance
between the center of the valley ground plane and the strip conductor
is smaller than between the valley ground plane and the edge
of the strip conductor. The concentration of current is therefore
dispersed between three points, i.e., the center and both edges of
the center conductor. The quasi-TEM characteristic properties of the
new structure to be studied is obtained by the conformal mapping
method.

II. V-SsAPED CONDUCTOR-BACKED CPW

The new type of CPW configuration under analysis is shown in
Fig. 1(a), where the ground planes are assumed to be sufficiently
wide as to be considered infinite in the analytical model. All metallic
conductors are assumed to be infinitely thin and perfectly conducting.
The central conductor, of width 2«, is placed between the two upper
ground planes, of spacing 2b, which are located on a substrate of
thickness h, with relative permittivity =.. It is assumed that the
air-dielectric boundary between the center conductor and the upper
ground plane behaves like a perfect magnetic wall. This ensures that

0018-9480/95$04.00 © 1995 IEEE
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no electric field lines emanating into the air from the center conductor
cross the air-dielectric boundary. Transverse symmetry is assumed so
that no antisymmetric mode is excited. In so far as the electric field
is concerned, it is sufficient to consider only halt of the guiding
structure, where a perfect magnetic surface exists at & = (. Consider
the region within the dielectric of the right half plane as shown in Fig.
1(b). A sequence of two conformal transformations may be employed
to evaluate the capacitance per unit length of this section, as shown
in Fig. 1(¢) and (d). Looking at the first conformal mapping, the field
between the semi-infinite strips will be mapped to the lower half of
the ¢ plane, using the Schwartz-Chnstotfel transformation

o /'t Adt
) 0

tl/g(t + l)p(t + f,»)‘l/?)—p
where p = (1/2) — (,3/7). For the second conformal mapping, the
FE-field within the lower half of the ¢ plane is transformed to the
image «w domain using

(1)

/t dt )
w = .
o tt—t )t —ty)(t+1c)
The parameters fa, ¢y and ¢, which are function of the geometri-

cal ratios (d/h. a/h, b/h) and i, can be obtained by solving the
following equations:

d 2 ["/? tecos® o\’

h o /0 (1 ~ ¢t sin? n) do (3a)
a _2— arcsinh /tq /te t. ('05112 a P . (3b)
horw o 1+ ¢, sinh? aa

b2 [ucmhyt/t t. cosh? a \*

T == / —— dev. (3¢)
h T Jo 1+t sinh® o

An approximated explicit solution of (3a) is given in the Appendix.
Accordingly, the total capacitance per unit length of the line is
therefore given by

N(ky)
INCH

Kk
TRk

Cr(z) =2z

kl:%

[ 1+te/ty
ha = V 141/t @

where K (k) is the complete elliptic integral of the first kind. and
k' = /1 — k2. Hence, the effective permittivity and characteristic
impedance of the line are, respectively

Ci(=))
Sorf = 5
If 218 o)
Z, =07 Cr (e )Cr(1)] 7 ©)

where v, is the speed of light in free space. In order to validate
the approximations made in obtaining (5) and (6), the related results
are compared with the electrical parameters computed by solving the
Laplace equation in the transversal domain by means of standard
finite-element technique, as shown in Fig. 2. The actual structure
analyzed with a finite-element technique is laterally shielded, but the
lateral ground planes have been removed far enough to make their
influence on the line parameters negligible. The plots in Fig. 2 show
how the characteristic impedance and propagation properties of a
VGCPW vary with geometrical parameter d/h for different values
of 3. If parameters a. b. d. and h are all kept constant, the graphs
indicate that the line impedance decreases with decreasing angle of
3. The characteristic impedance also decreases more rapidly as d/h
is getting smaller. This is the result of the increase of the capacitance
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Fig. 2.  VGCPW: Comparison between the electrical parameters computed
numerically (dots) and the present results (continuous lines) Impedance and
effective permittivity as a function of ratio d/h and angle 3.

per unit length of the line. This behavior is explained by the fact
that smaller distance between center conductor and the valley ground
plane cause the electric flux to be more confined directly underneath
the center conductor.

I11. ELECTRIC FIELD AND CUMULATIVE FLUX DISTRIBUTIONS

Referring to Fig. 1(d), the resultant electric field lines may be
considered as a set of equally spaced lines orthogonal to the parallel
plates of this capacitor in the w domain. Hence, by inverse mapping
of this lines from the w domain back to the original > domain.
we may construct the electric field distribution on all the conductor
surfaces of the CPW. Therefore, the normal electric fields over the
conductor surfaces at the air-dielectric boundary (z = « + 0¢) within
the substrate can be evaluated by the following relation:

t+1|° 1
E, (r) x ——— (7a
o ‘t+tc VIt —t)(E = t)] :
v 2 /arcsinh t/te te COShz a P
- = —— ] da
I T Jo 1+ ¢, sinh® o
forO<t< tyandty <t < ¢ (7b)

The above formula shows that singularities occur at points t., 5,
and —¢., which correspond, respectively, to the edge of the strip
conductor. the edge of the upper ground plane, and the center of the
valley ground plane, in the =~ domain. Fig. 3 shows the normalized
electric field distributions Ey(.c)/Ey(x = 0) over the conductor
surfaces within the substrate, evaluated from (7), for different values
of d/h. In these diagrams, the fields are shown to exhibit edge
singularities. In practice, where the conductivities and the thicknesses
of the conductors are finite, this gives a maximum electric field
intensity over the conductor edges.

Cumulative flux distribution on the upper ground plane (b < z <
oc) is defined as the integral of the electric flux distribution per unit
length within the dielectric, and can be shown as

r~+:0 F(Ql- I‘JZ)
sreglyde = 229 77— =
./b+10 0Ty ’ K (k)

_ . (ta +tc)(t_tb)
$1 = arcsin [\/;b_—+ T30t = 1a) } (8)

B ()

where
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F(o. k) is the incomplete elliptic integral of the first kind, written in
Jacobi’s notation. Similarly, the cumulative flux distribution on the
center conductor within the substrate (0 < & < a) is given by

r—+:0 F , k
/ ETS(]Eg d.TISrEQ(LZI—?—Z
0410 (k)

¢ = arcsin Ii‘ / j——iz i :j .

Hence, the ratio of the total electric flux terminating on the valley
ground plane to the total electric flux emanating into the substrate

from the center conductor is simply
t. + n)
ts+t. )’
s . (10)

Bal(ta) = Bi(co) . F{arcsin(
Bt K (k2)

This formula yields an important result, since the measure of flux
terminating on the ground plane determines the degree to which
the coplanar-microstrip mode occurs within grounded CPW’s. The
graphical plot calculated from (10) are shown in Fig. 4, which
demonstrates the fraction of the total electric flux terminating on
the valley ground plane, with d/h as variable.

= By(t)

where
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as a function of d/h.

IV. ConcLusion

A new type of coplanar waveguide structure has been proposed. A
sequence of conformal mappings is used to evaluate the quasi-static
characteristic properties of the line. Unlike many other numerical
techniques, such as the finite-element method. the conformal mapping
method requires neither lengthy computation time nor successive
iterations. These mappings also overcome singularities at the con-
ductor edges, since the normal fields in the image domain are
smooth everywhere. While successive transformations yield exact
solutions, the presented equations for substrate thicknesses becoming
comparable to the slot width become questionable, but they do lead
to excellent results for most practical structures.

V. APPENDIX

An approximated explicit solution of (3a), with 0.3% maximum
error, is given below

1/p

d _
te 2h

S1 +p5’2<2h51 )

51:/
0

T/2
So = / sin® 6 cos®? 84
Jo

s°F §df

for0 < d/h < 0.5 and 7/9< 3 < Tr/18.
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